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1- Vector

Itiplication

L2

1-1- Scalar Product (or dot product)

Consider A=A4a +A4a,+A4a, and B=Ba +Ba +B.a,. We define the scalar

product (or dot product) of vectors 4 and B as

A-B= |2||}j?| cos@| where @ is the smaller angle between A4 and B
— G,-a,=a,-a,=a.
We can prove that | 4- B=4 B + A B + AB, L
a.-d. = a. =
x b X z Yy
1-2- Vector Product (or Cross Product) a,xd,=d,xd,=
We define the vector product of vectors 4 and B as a,xd,=d.
e BT G xd =a.
Ax B=|4|Bsin63, A
t‘:Jf: x ax = al-‘

where a_ 1s a unit vector (1.e., |EEM

=1) normal to the plane containing 4 and B.
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2- Coordinate Systems and Transformations 2
2-1- Cartesian Coordinates (x,),2) .
- "9 P(x,y,2)
A point P can be represented as (x,1,z)
z
Vv
The ranges of the coordinate s
. Y P'(x,.0)
variables x, y, and z are ‘x/
— o0 (x( + 0 A vector 4 in Cartesian coordinates can be written as
— 0 y(+ x> il G 4= = -
A=(4,,4,,4,) or A=A4a +Aa,+A4.a,
—0(z{(+x,

2-2- Circular Cylindrical Coordinates (p,¢.2)
A pomt P in cylindrical coordinates 1s represented as (p,¢,2) and 1s as shown in Figure

3. p 18 the radius of the cylinder passing through P or the radial distance from the z-axis.
O called the azimuthal angle, 1s measured from the x-axis m the xy-plane; and z 1s the

same as 1n the Cartestan system. 0<p
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2-3- Spherical Coordinates System

A point P can be represented as (7, €, ¢) and 1s illustrated in Figure 6. From Figure 6, we

notice that r 1s defined as the distance from the origin to point P or the radius of a sphere

centered at the origin and passing through P; € (called the colatitude) is the angle

between the z-axis and the position vector of P; and ¢ is measured from the x-axis (the

Figure 6.

same azimuthal angle 1n cylindrical coordmates). 0<r (0

0<h<n
0<¢(27

3- Vector position and Differential element in length

Consider a point P located in space, and consider the direct arrow extending from the
origin to this point P. This arrow 1s known as the position vector 7. A position vector 1s

an alternative way to denote the location of a point P in space. T
Z A

ad' /3 A? :.-?Z-‘Y' 7




3. 1- Vector position, , and differential element in length, dl , in Cartesian

P o &=
coordinates system: I A Ad
Z A , r
- - — — ® P(x,v,z2) %
r=xd_+ya, +za, 1 I
re— ' do
zd Q >
Ly /
¥ X
,_ P'(x,y.,0) .
X o when 7, =7 = AF =0 (i.e., AF =dr =dI),
(1) Differential displacement is given by dF = di = dvii_+dyd, +dzi,| |~

(2) Differential normal area is given by
e —

dS = dydza, | [~

(3) Differential volume is given by

1 dv = dxdydz




3. 2- Vector position, 7, and differential element in length, d?, in cylindrical

coordinates system:

di =dl =dpa,+ pdpa, +dza,

(2) Differential normal area is given by

dS = pdddza,

dp dz a, “dv = o dp do dz
0 dé dp a, o dp 4o

3. 3- Vector position, 7, and differential element in length, d?, in spherical

coordinates system:

.P(F.'rg.'rgé)

b

=
Il
S~

—

=

dr =dl =dra, +rdfa,+rsm@dpa, )

Y
.
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4. Line integral wna> Je "
By a line we mean the path along a curve in space. We shall use terms suchas line, curve,

path and contour interchangeably ‘f AOC\’-Q - J l n' - 33= d 0
The line integra[ LE -dI fis the integral of the tangentlal component of 4 along curve L.

Figure. Path of integration of vector

field 4.

Given a vector field 4 and a curve L, we define the integral J.Lﬁ dl = D]ﬁ‘cos Adl as the

R T

integral of _4_around L (see Figure).

If the path of integration 1s a closed curve J‘L/_i .dl becomes a closed line integral f;i dl

which 1s called the circulation of A around L. § A .d -0

§ Acos0 U 9




5. Surface integral m‘ﬂ/‘dl v L C_;))AJ \ ) .F ILL)( ’\/f

Given a vector field 4, continuous in a region containing the smooth surface S, we

define the surface integral or the flux of A through S (see figure) as

-l

l/

4|cos =(4-a = _“a-. ds; |Al .
A‘ ?dS -[S‘A ndiS /V\[A b Ca}@”

or simply

y=[A-dS| -~

where at any pomnt on S, g, 1s the unit normal to S.

i
-

Opﬁél/ Qa S ¥ )

For a closed surface, the surface integral becomes

through surface S

Y = {TE .d§ Figure. The flux of a vector field A

which 1s referred to as the net outward flux of i from S.
N (557 C G o Wyt

éﬂ):-? ?/\L\ (_!\Sl,u’ﬂd,. _‘WP - Welll)

as the volume integral of the scalar p, over the volume v. I P, dv

w

10
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4. DEL OPERATOR V <&

The del operator, written V, is the vector differential operator. In Cartesian coordinates,

0 d d
0X ay dz

This vector differential operator, otherwise known as the gradient operator, 1s not a vector

in itself, but when it operates on a scalar function, for example, a vector ensues. The oper-
ator is useful in defining

1. The gradient of a scalar V, written.as VV
2. The divergence of a vector A, written as V- A
3. The curl of a vector A, writtenas V X A

4. The Laplacian of a scalar V, written as V*V

12
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- The del Operator in cylindrical system from the definition of the gradient:

Al o . 1 0 . o _ , lindrical
— 3.9 + =% + =9 in cylindrical system
cp yoXali, oz
. ﬁf 1 o itf
of - adr - of . . o
f=——a,+———a,+—=a, in cylindrical system
cp P OP Cz

3 3 3
of . 1o . 1 o . . .
Vf ——fa?, +— / - / p in spherical system
Cr1 ro6 rsinf 0¢p
and
ﬁa*+la*+l 0 - | <oherical sust
=—0a, +——d —a in spherical system
g .
or " raoé rsind o *

13




EXAMPLE 3.3

Find the gradient of the following scalar fields:
(a) V=e “sin2xcoshy

(b) U= p’zcos 2¢

(c) W= 10rsin® # cos ¢

Solution:

oV oV
(a) ?V=a—vax+ﬁ—au+——az
ax dy =~ 0z

= 2e¢ “cos 2xcoshya, + e “sin 2xsinh ya, — e “sin2xcosh y a,
olU 1 oU aU

b) VU=—a,+ ——a, + —a,
O = ® T e ™ T
= 2pz cos 26 a, — 2pz sin 2 a, + p’cos 26 a,
dW 1 aW 1 oW
VW=—a,+-——a, +
© W = T T ™ T oo a6

= 10 sin” f cos ¢ a, + 10sin 20 cos ¢ ay — 10 sin 6 sin ¢ a,

13
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Fields

Many physical quantities have different values at different points in space. For example,
the temperature in the kitchen 1s different at different points: high near an electric
furnace, low near an open window, and so on. The electric field around a point charge 1s
large near the charge and decreases as we go away from the charge. In all these examples
there 1s a particular region of space which is of interest for the problem at hand; at every
point of this region some physical quantity has a value. The term field is used to mean
both the region and the value of the physical quantity in the region. If the physical
quantity 1s a scalar (for example, the temperature), we speak of a scalar field. If the

quantity 1s a vector (for example, electric field), we speak of a vector field.




Directional derivative; Gradient

Suppose that we know the temperature 7(x,1,z) at every point of a room. Starting

at a given point (xy,19,z9) we could ask for the rate of change of the temperature with

distance (in degrees per centimeter) as we move away from the starting point (xy,19,20).
The rate of change of temperature with distance depends upon the direction 1n which we

L AT :
move. In symbols, we want to find the limiting value of — where As 1s an element of

As

distance n a given direction, and AT 1s the corresponding change in temperature; we

write the directional derivative as

Let us now state and solve the general problem of finding a directional derivative.

S
(Kos Y . Te) —> (X)¥Y,2)
Sk 15




We are given a scalar field, that is, a function f(x,y,z). We want to fin

change of f/ with distance, at a given point (xy,1pz5) and in a given direction. Let

6,09

. - . _ ) . : . :
u=ua, +u,a +u,a, be a unit vector in the given direction. In figure, we start at

(xp,v0,29) and go a distance s 1n the direction # to the point (x,y,z); the vector joining

these points 1s su . Then, (x, v.z)—(x,,V,.2,) = su = s(u, 1, ,1; ) Or 1 Y=Y, s

(x,9,2)

s

(X9, V0-2,)
df =, _
— =V -u
ds /
where

and

ar

the rate of
ds

)
X=X, +us
pod

(Z =2, +U,sS

(V dgp) 5=t
oSN doas st 2

df _

/a

d§

0’ yre on‘/
devepall
in Cartesian system

VE - U :|eb
coill

. = ool aio- (L
6, a0 1o




P D) = (. 3.2 Y r-— 30y x Uy
7 (e, 3. 2) = 7 (o 35.20) [AF] L = 3% +4 %
di  d7 5

ol

When (x,v,z) approaches (x,,V,.z,) then u =

df =, . =,.dr
Y _Vf.i=Vf—
ds S / ds

d,
b — Vf -ii is the directional derivative (ds is an element of distance in the direction # )

d.
s "91

j—f = ‘ﬁ'f Hzﬁ cosl = ‘ﬁf ‘ cos &, where @ 1s the angle between # and ﬁf .
/s

Thus Zi is the projection of Vf on direction # (see the left figure below). We find the
s

largest value of jf (namely‘Vf‘) if we go in the direction of Vf (8 =0.)

(i = df - [VF]

_ o _
s )M v/ CosBO=! &S max

The gradient of a scalar field f(x,y,2) 15 a vector field Vf that points in the direction of the

greatest rate of merease of the scalar field, and whose magnitude 1s that rate of merease. 17




s

Given W = x*y* + xyz, compute VW and the direction derivative dW/dl in the direction

3a, 1 4, + 12a,at 2, -1,0),

W dW
Solution: Vi = a—ax + ﬂav +—a,
- dx T dy T 0z
= (U’ + yza, + %y + v + (y)a,
AtQ-10VW=4a -8a -2 o
Hence,
44
W geog B

dl 13 13

18




p/Y{Cé"DYldj C/'Pffl/aé/'ue =9_/£

rete co(f (‘lmyz]c a({’ £ with dispance S
_ij;- Vf.’ll :IV‘P’COSO
o' N~

<4 u: br
vf = 2o, 13f &, *%qz [/
2 o _
B=0 ~n ).l: Lo At J:..a}-kl UJazoUnst
JF - v/ TR @p> > oo
oS '
Given W = x*y* + xyz, compute VW and the direction derivative dW/d! in the direction
i 3a +4a, + 120,02 -1,0)
)
W= B.Wq‘ x Qulay, 20l o
aY =Y

IW = (2)‘/ rY?-)a,(-r(fl}'x -f—)(z)d}-r (xy)az

W =(2f2 (-1 10) a4 + (2(4)(4)10) Oy +((2x-) Az
I W= ~Uax x "307 =202

) A —
é__“.\.’- - vWU] u '-'-';Q— = 3d44cry+ )20,

L
a0 0
U= L[S0+ uoyrRag)

‘%—“1; = W, U~",-3!- (‘i‘k - 80y —202) {19 190y 412 02). L



5- Divergence of a vector and divergence theorem

The divergence of a vector field __1 at a given point P 1s the net outward flux over a

closed surface S per unit volume as the volume shrinks about P.
.ds $p.ds
div: 4=V.4=lim =S iF o ‘/A‘ = Y. ﬂ ﬂ

Av—0 Av AV—Dﬁ b v

where 41) is the volume enclosed by the closed surface S in which P 1s located.

-The physical significance of the divergence of a vector field

The divergence of the vector field 4 at a point P 1s a measure of how much the field

diverges or spreads out from that point.

—3 .
4 4 \ &*\I 9; \ - ] I AvY = (o
: / \
A\.J =X [ N l/ / |
" 2 .i_._ B— e (e o)
1% & RN b 4 44
Wy il T Y i ] dowd
~ ~ l => 7 ¢ W/

(a) (b) (c)

Figure. Illustration of the divergence of a vector field at P; (a) positive divergence, (b)

negative divergence, (¢) zero divergence. 19




The }n ergence of A4 at point P(xy.Vve.zp) in Cartesian system is given by

<] {-\q\ o o_od o4, ol = axay+2
o~ 3 J ) ox oy oz 'V--J:.:. 2 '-(-‘ = ""
7z’ f:: Qx0x & YOy + 3ZAz

) vP=2T\x 3 =&
y div ergence of 4 at point P(xy,)¢,Zz¢) in cylindrical coordinates

1 24, v, oA v
P oY oz

<
|
|

|
I
IS
"
_|_
|

. L ﬁ)
?/ yoXo)s)
e')

The divergence of A4 at point P(xp,ve,z¢) 1n spherical coordinates

1 6—14¢ /

* or

‘0 ?\ ?‘)\ V.Ad= l c (} A) ! c (4, sin8)+
’U’,

rsin@ 06 rsin@ O¢

- Properties of the divergence of a vector field:
L = A
1- V- 4 1s a scalar field. - - -

2- The divergence of a scalar field V, V.17, n:’lakes no sense

-V.-(4+B)=V-A4+V-B Z:'-";’Jl ~S-

4- V.

——

VA)=VV-A+4-VV

c\:pi;vq.s.l dv

20




EXAMPLE 3.6

Determine the divergence of these vector fields:
{(a) P = xz}zax + xza,
(b) Q =psinpa, +p°za, + zcos pa,

a) V- P--'r éfi—’r Q_B‘_’-\—AEE
Solution: >X ay oz
d = axyz ¥ o 4 X

0 ]
ay v-P=—"~P +—P, +—P
@ dx ay 7 az ¢

NP = 2xy2 +X

g 3 3
= — (x%yz) + —(0) + — (.
™ (x7yz2) &y(} . (xZ)

= 2xyz + x

1 o 1 a 0
(b)v'Q_pa{ﬂQp}—l_paqu-ﬁ—'_aEQz
_1a 5. 1a o, 0
"p&p{ﬂ sing) + pa¢.(p 7) + az(zmsd})

= 2sin¢ + cos ¢




- Divergence theorem: § A-dS — JV-Td‘U
)

From the definition of the divergence of 4, it is not difficult to expect that @

j‘ A-dS = I (ﬁ - Aydv divergence theorem

The divergence theorem states that the total outward flux of a vector field 4 through the

closed surface S 1s the same as thze volume IIE%TI al of the divergence of A g' 6 al I

6,- 108}’0 + l0e Az
fG(r) = 10e” "{pﬂ f 4.), determine the flux of G out of the entire surface of thE cylinder

p=1,0=z=1 Confirm the result using the divergence theorem.

$Gds= [ VGV

=?[G~JS=J[‘F-GJJF
%

4

EXAMPLE 3.7

Solution:

P

=\ 26 .L;Gb‘f 26
vG=L 4t 5 él,.{; -
7.6 =\ & '°°.P"? (r=;—{.ﬂ o)+ 52 r Gt azG

faf Zl 2z —2z __
+2 50 Biof p5p #7106 ) =206 =0
S a9 -z?:

£17
C=20¢ -;-o-20 -—-o

J{"F-G}du=ﬂ



Y

6- Curl of a vector and Swwlgg;q_m VXA é

~~

The curl of 4 (curl 4 or V x A4) 1s a vector whose magnitude 1s the maximum circulation

of A per unit area as the area tends to zero and whose direction 1s the normal direction of

the area when the area 1s oriented so as to make the circulation maximum.

L. L j( A-dl cuvle
curl 4=V 42 m 255~ @ §a.04 4
AS—0 == .
max VX A Y — n
20 DS
A_;_S: area bounded by the closed Eath L B> AN

a, : unit vector normal to the surface AS and 1s determined using the right-hand rule.

L

23




-The physical signiticance of the cur] of a vector field
S
o The curl provides the maximum value of the circulation of the field per unit area (or

circulation density) and indicates the direction along which this maximum value occurs.

'2) The curl of a vector field A4 at a point P may be regarded as a measure of the

circulation or how much the field curls around P.

In Cartesian coordinates V x 4 1s found using

a

X ¥
c 0

cy
A,

X

ox Oz

04, 04 } [SA}, oA, }
= — a,+ — a,

ox o

We obtain V x 4 in cylindrical coordinates as




V x ;1. =— 9 —
olep 36 = L _a:.p {7 22
4, pd, A, JD o

np o9 Ao

L . cA . c4 o(pd,) a4,
Vx 4= l%__‘ja _ aAz_ £ a¢+l (IO 96)

pop ¢z |” |op oz pl op 5‘¢5
and 1n spherical coordinates as

a, ra, rsinfa
N -G P [%rsmﬂﬂp Sﬂga‘/

“snblor 00 og Wf.S""‘9
4, rd, rsnéd,

or

!
X
Ay
Il

or

Vxd=
rsin@ co 8¢>

RIEC D o4, | Ll [a(;/{e) 64}
rl or sin & 8¢o rl or o6

1 [184,sin0) a4,
o,

25




. L R
- Properties of the curl of a vector field: u‘, 1l e
1- The curl of a vector field is another vector field. Tamae 9“’ aniad |

2- The curl of a scalar field V, ?_>_<_V , makes no sense. °‘|‘-:_‘-"'n~(’\_a:!?j «vy, 9 A
__’ __; ), L \WALO

3- Vx(A+B)=VxA+VxB
a. .- e ;:C - cols & cobp = bal

4- Vx(AxB)= AV -B)=B(V-A)+(B-VYA—(4-V)B

5- ﬁx(’Vﬁ)=Vﬁxﬁ+?Vxﬁ -

6- The divergence of the curl of a vector field vanishes, that is,\% (VxA)=0 l

7- The curl of the gradient of a scalar vanishes, that is,ﬁ xVV = OJ

¥ ane N ﬁ ’ ! ﬁ Figure. Illustration of a curl: (a) curl at P
foep ’ ; points out of the page; (b) curl at P 1s zero
L W
(a)” (b) 2 4"0
gty ow! =

26
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EXAMPLE 3.8

Determine the curl of the vector fields in Example 3.6.

Solution:

3P, P aP, 9P P, 9P
(a)VXP=( - - ""))aﬁ(-{—‘—z)ﬂﬁ( F - x)“i
dy 0z dz  dx ox 0y

=0 - 0)a, + (*y — 2)a, + (0 - x%)a,

— (2 — — 42
= (% - Ja, - Xz,

(b) va=[1BQE—aQ““}ap+[BQ’“- ]aﬂ [
1

0o 0z dz
— (—p: sing — p ) + (0 - U)H¢ P (3|0 I — pCOs ';b)az

[N
= - (zsmo + pa)a,;. + (3pz — cos d)a,

40
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o]

=~
4
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EXAMPLE 3.6 Determine the ¢ ce of these vector fields:

(a) P =J_ci):§_ax + xza,
(b) Q =psinda, +p’za, + zcosda,
A Ay ar 3

- l'_'g_’_{'z -—_a_.OJO _ [&xz_éazxyz] 9 _\.L 7}(2]23612
00 - Lz-x¥]1ay + [x2z1c2

NxP =[r7-zley+x’za-

2 ==
UQ=Si5e & 22| S5 5
Psia y Pz 2esP

#E‘?’zféf— 23, L [2 zes9- 2 rsnflap
+ L[5 - 5%, PSm@la,
j[’zs,.nso_pi] % L lo-6] % 4L 1542 - Peesflae
’U;L[ZSMSD- P¥lap . [3P2- cospla=



-Stokes’s theorem

From the definition of the curl of A, we may expect that

(.{1 A-dl = IS (@’ X 2) -a,ds Stokes’s theorem

Stokes’s theorem states that the circulation of a vector field 4 around a closed path L is
equal to the surface integral of V x A over the open surface S bounded by L provided that

A4 and V x 4 are continuous on S.
ﬁ Op.dl - fgva)-QL s

Surface S dS

Curve bounding

the surface

Figure. Determining the sense of d/

and dS involved in Stokes’s

Theorem

dl
 PRACTICE EXERCISE 3.9
Use Stokes’s theorem to confirm your result in Practice Exercise 3.2.




- PRACTICE EXERCISE 3.2

Calculate the circulation of ‘
A =pcos¢d a, + zsing 8;

~aroundtheedgeLofthe wedge defined by0<p<2,0<¢<60° z=0 and
shown in Flgure 311

Answer'l :
I

fﬁ 1.0 :jvxn ds '
U}W&ﬂ(.‘:—'—\—‘ O)QJUPO-U' 4 x

+te—a 3
Vi 2/, ) (_,D - >
fees P plo) 251 50\

2

VXR-=

XA E(ogp apl +] Sinpaz |
§ (JAh)-dS = 5[3(0:50000.\-5:/:9 Olz] -[ﬁdfdf éa
S



2
o) >
y-o ) (-—(osso :C‘oSG)
2
-\
2 ( = ‘l"‘)

2 (3) = !



EXAMPLE 3.9

If A=pcos¢a, +singay, evaluate § A - dl around the path shown in Figure 3.22.

Confirm this using Stokes’s theorem.

Solution:

Using Stokes’s theorem (because L i1s a closed path)

jEA'dt=J{?HA}-dS

I 3

But dS = p de dp a, and

1 dA a4 a4 aA 1i{ a aA
F 4 ,A_ = —_ L w e e L +aq — | — N o
H"L a¢ az :| H‘”’[ Az ﬂp} ey [Hp (pAs) dieb

(0 — Ma, + (0 — D)a, + %{I + p) sin ¢ a_

Hence:

60" 5
([?}{h}-dﬁ=J J. — (1 + p) sin ¢ p dp dd
g a=30° Jo=2 P

60 5
= J. sinci:d:i:[ (1 + p)dp
T 2

& 2 5

307 2
27
= ?1;*»/5 — 1) =/4.941

= ~cos ¢

29




EXAMPLE 3.9 ‘

If A=pcosda, + singay, evaluale § A - dl around the path shown in Figure 3.22,
Confirm this using Stokes’s theorem.

Solution: ) —
Let

b & o a L i\
jl;A+dl=[J+J+J+J]A-dI
L & b ' o

b
/
7
¥

fo.2 -

AT
J! Vel \
2"V 30°

[ %] ol

Figure 3.22 For Example 3.9.

where path L has been divided into segments ab, bc, cd, and da as in Figure 3.22.
Along ab, p = 2 and dl = p d¢ a,. Hence,

b age a0e
f A-dl = J p sin ¢ d = 2(—cos ¢)

= —(V3-1)
a o = Bl" 60°
Along bc, ¢ = 30° and dl = dp a,. Hence,
c 5 2|5
21V3
J A-dl = [ pcos & do = cos 30° -
b

—_—
—

2 2 |s 3



Along ¢d, p = 5 and dl = p d¢ a;. Hence,

60°

d 60° 5
J A-dI=J' p sin ¢ dp = 5(—cos ¢) =E('\/_—l}

e & = 30° 30

Along da, ¢ = 60° and d1 = dp a,. Hence,

2 21

5 4

i 2 2
J' A-dl=[ pcﬁsqﬁdp:cusﬁﬁ“p—
B 2

o 0=3

Putting all these together results in

21 V3 o5 21
f{;A~dl=—\f’§+1+ 3 3vs 3 Al
) 4 > 2 4

31




If A=pcosga, +singa,, evaluate § A - dl around the path shown in Figure 3.22.

EXAMPLE 3.9
Confirm this using Stokes’s theorem.

§A‘ d0 = J(‘VXI’\) . d¢
Y

ds=_rdPdr oz

é, Sa a,
IxpA= L )ﬂ
Sl 2 2
of 2¢ 22
ffcf Sosia gﬂ (0

slo-eJa - 4 [o-0la L\ Sing PPl
I x A - —1\5(\ x*P) S""gj O-

-

JWXA)‘NS - aZ'azC\
JE (142)Sin@ bz ) « ( SlPIP Oz)
j Sa P (1+P )o)ﬂcJSO



[ -Coséos cos3e] [&+25)-+ 1))
= 4q4y

W
\rl'g

fA o - [naﬂmu JP'M jwa

O, ajn_.o
@ ag-ag-)
5 Al - ] (PeosPlrtSnPlg) o (P d P ag)

ff&ny dP = ff_c,npo/y

A [ — oS (P] =-2 ['Cc;s?o—(‘csco]
= .13
® f,q. d ] PD-30 dl- d,A,
b



2
= Cos 30 ):?—S_Q]
4| =20s

“u

G) J
j/q‘ of 2 S J.O:fdyaﬁ

ff«svuﬂaw) ( pdpag) - jv"“ﬁ %
5f&ngﬂd¢: 5("0550] )
=5 [ Cos 60 -(os36) = 25 -1

fA 10 P=60 dh=dPap

j(fCOSP ap) - [o/cfaﬁ) —-COS&)/J"«/(:D
— CoSéo [:f ] = ¢S 60[ 25 | = =2\

jAdﬁ J‘*f f f—quq



| W ‘
7- Conservative Fields . S s

<D

A \R/’;_J}

- , Bl - :

A vector fields, 4, for which L A-dl depends upon the path from A to B is called
—

B
nonconservative. There are however, conservative fields for which _[ A-dl 1s the same
A

between the two given points regardless of what path we calculate it along.

. - = B — .
VxA=0 1s a necessary and sufficient condition for L A-dl to be independent of the

path, that 1s, V x A=0 for conservative fields and Vx 4= 0 for nonconservative fields.

A g PEN VAW aswy IxPzo tebts

components of Vx A are equal to zero. V )( H 7: § wu ‘{J
If 4=Vf,then VxA4=0

Conversely,
If ix :_ﬁ, then we can find a function i@_):_z) for which 4=V |

32 30




Example: Show that A= (2xy—2z))a, +x2§v —(3xz” +1)a, is conservative,

Solution:
= - |04, o4, | [GA o4 } 04, 24, |.
Vxd=|——-—ag —| —=——2|a, +|——-——=|a,
oy oz ox oz |7 o Oy
04, _0(3xz* =) _ 0 od, o) _ 0 04, _ A(=3xz" =1) _ 3,2
oy oy oz 0z " Ox ox )
_ (2 — 2° . 04 (12 _ (2 xv — 2°
04, _ c(2xy —2z7) _ 3.2, S o(x7) o 04, _ 2xy—2z7) 1y
cz cz ox ox cy cz

VxAd= [0 — O]Ex — [— 3z° +3z° ]c_iy + [Zx — Zx] a, = 0 so A is conservative

33
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Example: Show that A =(2.\j\'—23){i‘ +.\‘:5‘\. —(3xz* +1)a. 1s conservative,
7 M S
o o U z
— -_ —
X 27 oz
3 2 -
227-2° X 3xZ2+) |

N
= [&pxdn- 2 x¥| &y ~ [2(3%2%)_2 (2¢¥-2%) |a
l;y 22 ax( )52( =27 4

[. Xt _ Q (ZA/ ZJ—‘;QZ

=0 G, —- [—3221- BZZJQV' + Ei)""z’(]é;

e

O Ay

4

~
—_ OO\)/

= O

+0 a2

(S confovyaft\Ve,



(a) V-A=0,VXA=0
b)) V-A#0,VXA=0
() V-A=0,VXA#0
d) V-A#0,VXA#0

Figure 3.23 illustrates typical fields in these four categories.

A N
. o p; e LA
Rl 2 ORI
e X Lo ~ N
. / * \ \\\_‘_ + — / +

(a}) (b) (©) (d)

34




L aplacian of a scalar v*v

Thus, in Cartesian coordinates,

Laplacian V = ©- @ = V'V

EXAMPLE 3.11

35

Find the Laplacian of the scalar fields of Example 3.3; that is,

(a) V=e “sin2xcoshy
(b) U = p°zcos2¢




) 2 2
@ VW= BL o, N L 9V
9/ o2°

= 89-)( (2CC>SZ)( € roSh/)+ 3;/ (e..Srnzx Smk)r)

+ 2 (-Sin2x Cesh N
- Ceskhy &
B . -2 -2
— - Y Sin2yx e Coshy+ e Simax coshy
~-Z

+ 511 2x Coshy €
. -
NV =-2sm2X (oSlm)/ p’L

A V4 = ?
\V4 (L _j %.f‘ (Q.J) ZCos2 >0) _,_J‘v;g_jg-:y-zs.-a-z J)
+ &_ (pCes2 )

7[4//20»5:[_[ -f [ 4= o529+

= 42z Cos 2y +4YZ Cosy



For a vector field A, show explicitly that V- V X A = 0; that is, the divergence of the curl

EXAMPLE 3.10 .
of any vector field 1s zero.

Solution:

This vector identity along with the one in Practice Exercise 3.10 1s very useful in EM. For
simplicity, assume that A is in Cartesian coordinates.

9 9 9

d d d\ |dx dy dz
V-VXA=(— =

(ﬂxé‘y&z) A; A, A

() (-t (-2
axayﬂ \dy 2 dx oz /) \ax  dy
_ (aAz R BAF) _i(aAz B aA,,)+ 0 (aA}. ) aAI)
dx \ dy  dz dy \ dx  dz ox \ dx  dy

A, VA, VA . 5°A, . i’A, A,
- ﬂ.ray_ dx 0z B dydx odydz dzdx  dzdy
=
PRACTICE EXERCISE 3.10

For a scalar field V, show that V X VV = 0; that is, the curl of the gradient of any
scalar field vanishes.

Answer: Proof.




Efamﬂ)e O Oy A=z

3 e =
oy

A, Ay Az

Q | |

. - | 2A=z_ —
22 o [Be- 24

+[ 7—3"\{&a

@y

AVE P = afbx. —\—a@)’ -\-BP

apfz QA\’X [ Az . S)Ax‘}

+ 2 | 2Ay _ ?_.6‘31
a2 2« XY

= 2Pz _ohy -QRz  9*Ax + by - Az
XY 2xd% gyak 3z 23X 2y

— U D




PRACTICE EXERCISE 3.10

For a scalar field V, show that V X VV = 0; that is, the curl of the gradient of any

scalar field vanishes.
( Ai | Q‘-/ / A‘Z—)

Answer: Proof.

V. Qv
v By Tz
¥z zay 2RAT YT

~ ey _ av
Gx'ay oyadx

O &,\—wroay ~+Ool 2
= 0
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